Abstract. In this paper, we study quadric surfaces in the 3-dimensional Euclidean space whose Gauss map n is of coordinate finite I-type, i.e., the position vector n satisfies the relation ∆ I n = Λn, where ∆ I is the Laplace operator with respect to the first fundamental form I of the surface and Λ is a square matrix of order 3. We show that helicoids and spheres are the only quadric surfaces of coordinate finite I-type Gauss map.
Introduction
As its Known, the theory of Gauss map is one of the interesting subjects for many researchers in the Euclidean space and it has been investigated from several different areas by many differential geometers [20, 21, 22, 23, 25, 27, 28, 29, 30, 31, 32, 33, 35] .
In 1983 B.-Y. Chen introduced the notion of Euclidean immersions of finite type [14] . A submanifold M n is said to be of finite type if each component of the position vector x of M n can be written as a finite sum of eigenfunctions of its Laplacian ∆, where ∆ is the Laplace operator of M n corresponding to the induced metric. Many results in this area have been collected in [18] . In terms of B.-Y. Chen theory a surface M in the Euclidean 3-space E 3 is said to be of finite type if its coordinate functions are a finite sum of eigenfunctions of its Laplacian ∆ I , where ∆ I is the Laplacian of M corresponding to the first fundamental form.
In this context, B.-Y. Chen and P. Piccini in [19] , introduced in the same way the theory of submanifolds of finite type Gauss map. A special case for E 3 one can ask Problem 1. Determine all surfaces with finite type Gauss map in E 3 .
For this problem, in [10] it was shown that Theorem 1. Cylinders over curves of finite type and planes are the only ruled surfaces in the n-dimensional Euclidean space (n ≥ 3) with finite Gauss map.
Theorem 2. Circular cylinders are the only tubes in E 3 of finite Gauss map.
In [9] C. Baikoussis and others studied the class of cyclides of Dupin, they proved that the compact, as well as for the noncompact cyclides of Dupin, the Gauss map is of infinite type. Further, in [13] the problem was solved for the class of spiral surfaces, it was shown that planes are the only spiral surfaces in E 3 with finite Gauss map. Meanwhile, surfaces of revolution, translation surfaces, cones, quadric surfaces as well as helicoidal surfaces, the classification of its finite type Gauss map is not known yet.
Another interesting theme within this context is to study surfaces in E 3 whose Gauss map satisfies the following condition
where Λ ∈ R 3×3 . Therefore, the following problem seems also to be interesting Problem 2. Determine all surfaces in E 3 with the Gauss map satisfying (1.1).
Concerning this problem, in [24] F. Dillen, J. Pas, and L. Verstraelen studied the class of surfaces of revolution whose Gauss map satisfies (1.1). Later in [11, 12, 13] Ch. Baikoussis and L. Verstraelen studied the translation surfaces, the helicoidal surfaces, and the spiral surfaces. On the other hand, in [8] Ch. Baikoussis and D. Blair investigated the ruled surfaces in E 3 whose Gauss map satisfies (1.1). In [7] H. Al-Zoubi and others solved this problem for the tubes in E 3 . Finally, in [9] it was proved that neither for the compact, nor for the noncompact cyclides of Dupin, condition (1.1) can be satisfied. However, the classification of the quadric surfaces in the sense of condition (1.1) still unsolved.
In this present paper we will firstly, establish a formula for ∆ I x and ∆ I n by using Cartan's method of the moving frame. Further, we contribute to the solution of problem (2) by investigating the quadric surfaces in E 3 . Our main result is the following Theorem 3. The only quadric surfaces in the 3-dimensional Euclidean space with the Gauss map n satisfying (1.1) are the planes, the circular cylinders and the spheres.
Preliminaries
Let x = x(u, v) be a regular parametric representation of a surface S in the Euclidean 3-space E 3 . Let ℘ = {e 1 (u, v), e 2 (u, v), e 3 (u, v)} is a moving frame of S, e 3 = n is the Gauss map of S and det(e 1 , e 2 , e 3 ) = 1. Then it is well known that there are linear differential forms ω 1 , ω 2 , ω 31 , ω 32 and ω 12 , such that [2, 3] dx = ω 1 e 1 + ω 2 e 2 , dn = ω 31 e 1 + ω 32 e 2 , de 1 = ω 12 e 2 − ω 31 e 3 , de 2 = −ω 12 e 1 − ω 32 e 3 , and functions a, b, c, q 1 , q 2 of u, v such that
We can choose the moving frame of S, such that the vectors e 1 , e 2 are the principal directions of S. Then a, c are the principal curvatures of S and b = 0, so the differential forms ω 1 and ω 2 become
The Gauss and mean curvature are respectively
Let ∇ 1 f, ∇ 2 f be the derivatives of Pfaff of a function f (u, v) ∈ C 1 along the curves ω 2 = 0, ω 1 = 0 respectively. Then we have the following well known relations [35] 
2)
(2.5) The Mainardi-Codazzi equations have the following forms
(2.6) Let f be a sufficient differentiable function on S. Then the second differential parameter of Beltrami corresponding to the first fundamental form I of S is defined by
(2.7) Applying (2.7) to the position vector x gives
From (2.2) we obtain 
From the last equation and taking into account (2.1), we finally, have
(2.9) From (2.9) we know the following two facts [36, 37] • S is minimal if and only if all coordinate functions of x are eigenfunctions of ∆ I with eigenvalue λ = 0.
• S lies in an ordinary sphere M 2 if and only if all coordinate functions of x are eigenfunctions of ∆ I with a fixed nonzero eigenvalue. We focus now our interest to the computation of ∆ I n. Applying (2.7) to the position vector n gives
Using equations (2.5), we find
which becomes
Taking into account equations (2.3) and (2.4), we get ∆ I n = (∇ 1 a)e 1 + aq 1 e 2 + a 2 n + (∇ 2 c)e 2 − cq 2 e 1 + c 2 n + aq 2 e 1 − cq 1 e 2 , which can be written
On using the Mainardi-Codazzi equations (2.6), one finds
Once we have (∇ 1 a + ∇ 1 c)e 1 + (∇ 2 c + ∇ 2 a)e 2 = 2∇ 1 He 1 + 2∇ 2 He 2 = grad I 2H, and
We finally obtain
Quadric surfaces
Let now S be a quadric surface in the Euclidean 3-space E 3 . Then S is either ruled, or of one of the following two kinds [1, 6] 
If S is ruled and its Gauss map satisfies (1.1), then it follows from [8] S is a plane or a circular cylinder. We first show that a quadric of the kind (3.1) satisfies (1.1) if and only if a = −1 and b = −1, which means that S is a sphere. Next we show that a quadric of the kind (3.2) is never satisfying (1.1).
3.1.
Quadrics of the first kind. This kind of quadric surfaces can be parametrized as follows
Let's denote the function c + au 2 + bv 2 by ω. Then, using the natural frame {x u , x v } of S defined by
and
the components g ij of the first fundamental form in (local) coordinates are the following
Hence the Beltrami-Laplace operator ∆ I of S can be expressed as follows [17] 
which becomes after a simple calculations
We denote by (n 1 , n 2 , n 3 ) the components of the vector n, and by λ ij , i, j = 1, 2, 3 the entries of the matrix Λ. On account of (1.1), we get
Applying (3.3) on the coordinate functions n i , i = 1, 2 of the position vector n, and by virtue of (3.4) and (3.5), we find respectively
which turns into
where
Putting u = 0 in (3.7), it follows that
On differentiation (3.11) with respect to v we observe
Considering (3.11) and (3.12) as a system in λ 12 and λ 13 , and since the determinant
Therefore we must have λ 12 = λ 13 = 0. Hence (3.7) reduces to au
Putting v = 0 in (3.13), and on account of (3.8), we obtain that
Similarly, if we put v = 0 in (3.9), we obtain that −λ 21 au + λ 23 1 + au 2 = 0.
In the same way one can see that λ 21 = λ 23 = 0. Then (3.9) turns into
Putting u = 0 in (3.15), and on account of (3.10), we obtain that
From (3.14) and (3.16) we conclude that relations (3.14) and (3.16) are polynomials in u and v respectively of degree at most 6. Since a = 0, b = 0 and c = 0. Then it can be easily verified that a must equal −1 and b must equal −1. Hence S is a sphere.
Putting a = −1 and b = −1, in (3.8) and (3.10) respectively, we get f (u, v) = 2c 2 and g(u, v) = 2c 2 . Thus from (3.13) and (3.15) one can find that λ 11 = λ 22 = 2 c . On the other hand, relation (3.3) reduces to
Therefore relation (3.6), becomes
It is easily verified that λ 31 = λ 32 = 0 and λ 33 = Equations (3.25) and (3.26) are nontrivial polynomials in u and v with constant coefficients. These two polynomials can never be zero, unless a = b = 0, which is clearly impossible since a, b > 0.
